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Abstract
We show that for hypersurface orthogonal Killing vectors, the corresponding Chevreton
superenergy currents will be conserved and proportional to the Killing vectors. This holds for
four-dimensional Einstein-Maxwell spacetimes with an electromagnetic field that is source-
free and inherits the symmetry of the spacetime. A similar result also holds for the trace
of the Chevreton tensor. The corresponding Bel currents have previously been proven to be
conserved and our result can be seen as giving further support to the concept of conserved
mixed superenergy currents. The analogous case for a scalar field has also previously been
proven to give conserved currents and we show, for completeness, that these currents also
are proportional to the Killing vectors.
1 Introduction
The Bel-Robinson tensor was introduced in 1958 as an attempt to describe gravitational
energy [2], [3]. It is given by
Tabcd =CaecfCb
e
d
f + CaedfCb
e
c
f − 1
2
gabCefcgC
ef
d
g
− 1
2
gcdCaefgCb
efg +
1
8
gabgcdCefghC
efgh, (1)
where Cabcd is the Weyl tensor. It is completely symmetric in four and five dimensions and
it is divergence-free in vacuum [15]. The Bel tensor was introduced shortly afterwards as an
extension to non-vacuum cases,
Babcd =RaecfRb
e
d
f +RaedfRb
e
c
f − 1
2
gabRefcgR
ef
d
g
− 1
2
gcdRaefgRb
efg +
1
8
gabgcdRefghR
efgh, (2)
where Rabcd is the Riemann tensor. It has the following symmetries, Babcd = B(ab)(cd) =
Bcdab. Both these tensors are divergence-free for Einstein spaces, Rab = Λgab, but neither of
them is divergence-free in general [15].
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In 1964 Chevreton [8] introduced an analogous tensor for the electromagnetic field, the
Chevreton tensor,
Habcd =− 1
2
(∇aFce∇bFde +∇bFce∇aFde +∇cFae∇dFbe +∇dFae∇cFbe)
+
1
2
(gab∇fFce∇fFde + gcd∇fFae∇fFbe) + 1
4
(gab∇cFef∇dF ef + gcd∇aFef∇bF ef )
− 1
4
gabgcd∇eFfg∇eF fg, (3)
where Fab is a Maxwell field. In source-free regions, this tensor is completely symmetric in
four dimensions [5] and it is divergence-free in flat spacetimes.
These three tensors are referred to as superenergy tensors, since they have properties sim-
ilar to the ordinary energy-momentum tensors, but they do not have units of energy density.
It seems rather that the correct interpretation is units of energy density per unit surface.
These tensors can now be seen as special cases of a general superenergy tensor construction
in Lorentzian manifolds of arbitrary dimension [15]. All superenergy tensors, Ta1...ak , satisfy
the Dominant Property, for v1, . . . , vk future-pointing causal vectors, Ta1...akv
a1
1 · · · vakk ≥ 0
[4], [15].
The Bel and Bel-Robinson tensors are not divergence-free in general non-vacuum and
the Chevreton tensor and the superenergy tensor of the scalar field are not divergence-free
in curved spacetimes. However, Senovilla [15], [14], has shown that for the Einstein-Klein-
Gordon theory, when a Killing vector, ξa, is present one can construct a conserved mixed
current,
∇a ((Babcd + Sabcd)ξbξcξd
)
= 0, (4)
where Sabcd is the superenergy tensor of the scalar field. For the Einstein-Maxwell theory a
similar result has been obtained for propagation of discontinuities, but not in general [13],
[15].
However, Lazkoz, Senovilla, and Vera [9] have shown that for certain types of Killing
vectors, the Bel currents will in fact be independently conserved, which will prevent the
interchange of superenergy between the gravitational field and the matter fields in such
cases. This happens for hypersuface orthogonal Killing vectors and for two commuting
Killing vectors that act orthogonally transitive on non-null surfaces. In the first case the
corresponding Bel current is proportional to the Killing vector, ξa, and in the second case
the currents are tangent to the Killing vectors ξa1 , ξ
a
2 ,
Babcdξ
bξcξd = γξa, Ba(bcd)ξ
b
i ξ
c
jξ
d
k = αijkξ1a + βijkξ2a. (5)
In this paper we show that in the case of a hypersurface orthogonal Killing vector in
Einstein-Maxwell theory, if the electromagnetic field is source-free and inherits the symmetry
of the spacetime, then the Chevreton tensor will be independently conserved and proportional
to the Killing vector, giving further support to the concept of conserved mixed superenergy
currents. We already know that in the case of Einstein-Klein-Gordon theory, the superenergy
current of the scalar field is conserved, but for completeness we also show that this current
is proportional to the Killing vector.
We will assume that our spacetime is four-dimensional and equipped with a metric of
signature −2. We define the Riemann tensor as
(∇a∇b −∇b∇a)vc = −Rabcdvd. (6)
The Einstein equations will be given as
Rab − 1
2
Rgab + Λgab = −Tab. (7)
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Note that we will keep the cosmological constant, Λ, through-out the calculations. If ξa is a
Killing vector, then ∇aξb = −∇bξa and [17],
∇a∇bξc = Rbcadξd. (8)
If the Killing vector is hypersurface orthogonal, then it satisfies [17]
ξ[a∇bξc] = 0. (9)
From this we get the useful expression
ξ[a∇b]ξc =
1
2
ξc∇bξa. (10)
For hypersurface orthogonal Killing vectors, the Ricci tensor satisfies ξ[aRa]bξ
b = 0 [7], [9],
and via Einstein’s equations the energy-momentum tensor satisfies
Tabξ
b = αξa, (11)
where
£ξα = ξ
a∇aα = 0. (12)
When there are more than one matter field present this, in general, only applies to the total
energy-momentum tensor. Note also that the result does not apply to test fields.
2 Einstein-Klein-Gordon theory
In this section we prove that in the Einstein-Klein-Gordon theory, with a possible cosmolog-
ical constant, the superenergy current of the scalar (Klein-Gordon) field for a hypersurface
orthogonal Killing vector is proportional to the Killing vector. The energy-momentum tensor
is given by
Tab = −∇aφ∇bφ+ 1
2
gab(∇cφ∇cφ+m2φ2), (13)
where the scalar field, φ, satisfies the Klein-Gordon equation, ∇c∇cφ = m2φ. The superen-
ergy tensor of the scalar field is given by [15]
Sabcd =∇a∇cφ∇b∇dφ+∇a∇dφ∇b∇cφ− gab(∇c∇eφ∇d∇eφ+m2∇cφ∇dφ)
− gcd(∇a∇eφ∇b∇eφ+m2∇aφ∇bφ)
+
1
2
gabgcd(∇e∇fφ∇e∇fφ+ 2m2∇eφ∇eφ+m4φ2). (14)
It has the following symmetries, Sabcd = S(ab)(cd) = Scdab. Contracting thrice with ξ
a gives
the current
Sabcdξ
bξcξd =2∇a∇cφ∇b∇dφξbξcξd
− ξcξcξb(∇a∇eφ∇b∇eφ+m2∇aφ∇bφ) + ωξa, (15)
where ω is used to collect the proportionality factors of ξa. We will split this into two cases
depending on whether the scalar field is massive (m 6= 0) or massless (m = 0). In the first
case the Lie-derivative of the field vanishes for Killing vectors, ξa∇aφ = 0 and in the second
case it is constant, ξa∇aφ = C [15].
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We start with the massive case. Using the Leibniz rule on the first term of (15), taking
exterior product with ξe and using (10) gives
ξ[e∇a]∇cφ∇b∇dφξbξcξd =ξ[e∇]a(ξc∇cφ)∇b∇dφξbξd − ξ[e∇a]ξc∇cφ∇b∇dφξbξd
=− 1
2
ξc∇aξe∇cφ∇b∇dφξbξd = 0. (16)
Multiplying the second term of (15) with ξe and using the Leibniz rule and (9) gives
ξe∇a∇cφ∇c∇bφξb = − ξe∇a∇cφ∇cξb∇bφ = ∇a∇cφξc∇bξe∇bφ = ∇cξa∇cφ∇bξe∇bφ. (17)
When antisymmetrizing over the indices ea this expression then vanishes. Hence,
ξ[eSa]bcdξ
bξcξd = 0. (18)
For the massless case we note that (11) implies that ∇aφ = α′ξa. The first term of (15)
then equals
∇a∇cφ∇b∇dφξbξcξd = −∇a∇cφ∇bξd∇dφξbξc = ∇a∇cφ∇bξdα′ξdξbξc = 0. (19)
The second term of (15) is treated in the same way as the massive case and (18) thus holds
in this case as well.
Theorem 1. If ξa is a hypersurface orthogonal Killing vector, then the superenergy tensor
of the scalar field in Einstein-Klein-Gordon theory, possibly with a cosmological constant, Λ,
is proportional to ξa and conserved,
Sabcdξ
bξcξd = γξa, ∇a(Sabcdξbξcξd) = 0. (20)
The conservation of this current follows from the fact that the Bel tensor together with the
superenergy tensor of the scalar field gives conserved currents for Killing vectors, and that,
when the Killing vectors are hypersurface orthogonal, the Bel currents are independently
conserved. Alternatively, observing that for Killing vectors, £ξ∇aφ = ∇a£ξφ = 0, the
superenergy tensor will have vanishing Lie-derivative with respect to ξa. Then,
∇a(Sabcdξbξcξd) = ξa∇aγ = £ξγ = 0. (21)
Note that this result implies that for a hypersurface orthogonal Killing vector, the mixed
superenergy current will be proportional to the Killing vector,
(Babcd + Sabcd)ξ
bξcξd = βξa. (22)
3 Einstein-Maxwell theory
In this section we will prove that for a hypersurface orthogonal Killing vector in Einstein-
Maxwell theory, with a possible cosmological constant, Λ, the corresponding Chevreton
current will be independently conserved and proportional to the Killing vector. This is
proven for the case when the electromagnetic field is source-free and inherits the symmetry
of the spacetime. As a consequence of Lemma 2 we also have that a similar result holds for
the trace of the Chevreton tensor.
The electromagnetic field is described by the Maxwell tensor, Fab = −Fba, which in
source-free regions satisfies
∇aFab = 0, ∇[aFcd] = 0. (23)
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The energy momentum tensor is given by
Tab = −FacFbc + 1
4
gabFcdF
cd. (24)
The Ricci scalar, R, satisfies R = 4Λ, where Λ is the cosmological constant. From (11) we
then have that
Tabξ
b = (−FacFbc + 1
4
gabFcdF
cd)ξb = αξa, (25)
or
FacFb
cξb = α′ξa. (26)
Generally, the Lie-derivative of the Maxwell field in four-dimensional Einstein-Maxwell the-
ory satisfies [12], [16],
£ξFab = ξ
c∇cFab + Fcb∇aξc + Fac∇bξc = k
∗
F ab, (27)
where k is a constant and
∗
F ab is the Hodge dual of Fab. We will assume that the electro-
magnetic field inherits (or is admitted by) the symmetry of the spacetime. Then k = 0 and
we have the useful rearrangement,
ξc∇cFab = −Fcb∇aξc − Fac∇bξc. (28)
The basic superenergy tensor of the electromagnetic field is given by [15],
Eabcd =−∇aFce∇bFde −∇bFce∇aFde + gab∇fFce∇fFde
+
1
2
gcd∇aFef∇bF ef − 1
4
gabgcd∇eFfg∇eF fg. (29)
This tensor is symmetric in the first index pair and in the second index pair, Eabcd = E(ab)(cd).
The Chevreton tensor is then defined as Habcd =
1
2 (Eabcd + Ecdab), or
Habcd =− 1
2
(∇aFce∇bFde +∇bFce∇aFde +∇cFae∇dFbe +∇dFae∇cFbe)
+
1
2
(gab∇fFce∇fFde + gcd∇fFae∇fFbe) + 1
4
(gab∇cFef∇dF ef + gcd∇aFef∇bF ef )
− 1
4
gabgcd∇eFfg∇eF fg. (30)
This tensor has the same obvious symmetries as the Bel tensor, Habcd = H(ab)(cd) = Hcdab,
but it is actually completely symmetric in four dimensions, Habcd = H(abcd), as was shown
in [5]. This tensor is more interesting physically than the basic superenergy tensor, because
it gives unique currents and a unique divergence. Contracting thrice with ξa gives us the
following current
Habcdξ
bξcξd =− (∇aFce∇bFde +∇cFae∇dFbe)ξbξcξd
+
1
4
ξcξc(2∇fFae∇fFbe +∇aFef∇bF ef )ξb + ωξa, (31)
where ω again is used to collect the proportionality factors of ξa. We would like to show
that the remaining terms are also proportional to ξa. We split the problem into three parts.
We start by examining the third term of (31) followed by the second term and then finally
the first and fourth terms together.
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Lemma 2. Under our assumptions,
ξ[g∇|f |Fa]e∇fFbeξb = 0. (32)
Proof. Applying ∇f∇f to the energy-momentum tensor (24) gives us
2∇fFae∇fFbeξb = −ξb∇f∇fTab − ξbFae∇f∇fFbe − ξbFbe∇f∇fFae + ωξa. (33)
The first term of the right hand side is rewritten with the Leibniz rule as
ξb∇f∇fTab =∇f (ξb∇fTab)−∇fξb∇fTab = ∇f (∇f (ξbTab)− Tab∇fξb)−∇fξb∇fTab
=∇f∇f (αξa)− 2∇fξb∇fTab − Tab∇f∇fξb, (34)
where in the last step (25) was used. Here,
∇f∇f (αξa) = α∇f∇fξa + 2∇fξa∇fα+ ξa∇f∇fα. (35)
We note that, by (8),
∇b∇bξa = Rbabcξc = Racξc = −Tacξc = −αξa. (36)
Hence, with (10),
∇f∇f (αξ[a)ξe] = −2ξ[e∇fξa]∇fα = 2ξ[e∇a]ξf∇fα = ∇aξeξf∇fα = 0. (37)
The third term in the last expression of (34) gives
ξ[eTa]b∇f∇fξb = −αξ[eTa]bξb = −α2ξ[eξa] = 0. (38)
To simplify the second term of expression (34) takes somewhat more effort. We start by
looking at
ξe∇fξb∇fTab = −ξf∇bξe∇fTab − ξb∇eξf∇fTab, (39)
by (9). The energy-momentum tensor has vanishing Lie-derivative with respect to ξa,
£ξTab = 0, giving us
ξc∇cTab = −Tcb∇aξc − Tac∇bξc. (40)
This together with the Leibniz rule then yields
ξe∇fξb∇fTab =∇bξe(Tfb∇aξf + Taf∇bξf )−∇eξf∇f (Tabξb) +∇eξfTab∇f ξb
=− Tfb∇bξe∇fξa + α∇f ξe∇fξa − ξa∇eξf∇fα. (41)
The first two terms are symmetric in e and a, so antisymmetrization gives, with (10),
ξ[e∇fξb∇|f |Ta]b = −ξ[a∇e]ξf∇fα = −
1
2
∇eξaξf∇fα = 0. (42)
Hence,
ξ[e∇f∇|f |Ta]bξb = 0. (43)
We now continue with the second and third terms on the right hand side of (33). The
Maxwell wave equation in four dimensions for source-free regions is given by [1]
∇f∇fFab = 2CcabdFdc − 1
3
RFab. (44)
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The second term of (33) can therefore be rewritten as
ξbFae∇f∇fFbe = 2ξbFaeFdcCcbed − 1
3
RξbFaeFb
e. (45)
The second and third terms of (33) together then equal
2ξb(Fa
eF dcCcbed + Fb
eF dcCcaed)− 2
3
Rα′ξa. (46)
We attack this by using a dimensionally dependent identity [10],
C[ab
[cdδ
f ]
e] = 0, (47)
which holds in (and only in) four dimensions. Contracting this with F adF
e
c yields
Cab
cdF adF
f
c + Cab
fcF aeF
e
c + Cbe
cdF f dF
e
c + Cbe
dfF cdF
e
c
+ Cea
cdF adF
e
cδ
f
b + Cea
dfF adF
e
b + Cea
fcF abF
e
c = 0. (48)
Identifying terms 1 and 3, 2 and 4, and 6 and 7, respectively, gives us
Cea
dfF adF
e
b + Cab
cdF adF
f
c + Cab
fcF aeF
e
c +
1
2
Cea
cdF adF
e
cδ
f
b = 0. (49)
Thus,
ξb(Fa
eF dcCcbed + Fb
eF dcCcaed) = CcbadF
ceFe
dξb +
1
2
CbcdeF
bdF ceξa. (50)
Rewriting the Weyl tensor in terms of the Riemann tensor and using (25) then gives
CcbadF
ceFe
dξb = RcbadF
ceFe
dξb + ωξa. (51)
From (8) we have that
RcbadF
ceFe
dξb = F ceFe
d∇c∇aξd. (52)
Taking the covariant derivative of (9) yields
∇c(ξ[b∇aξd]) = 0, (53)
or
2ξ[b∇|c|∇a]ξd = −∇cξb∇aξd −∇cξa∇dξb −∇cξd∇bξa − ξd∇c∇bξa. (54)
This gives us that
2ξ[bF
ceF|e
d∇c|∇a]ξd = −ξdF ceFed∇c∇bξa = α′ξcRbaceξe = 0. (55)
Thus, taking exterior product of (50) with ξg yields zero and this together with (43) gives
us that
ξ[g∇|f |Fa]e∇fFbeξb = 0. (56)
7
We have used four dimensions explicitly in this proof. If one looks at arbitrary dimension
n, for inherited symmetry, (28) is still valid, but the Maxwell wave equation (44) is replaced
by [1]
∇f∇fFab = 2CcabdFdc − 2(n− 2)
n(n− 1)RFab + 2
n− 4
n− 2Fc[aTb]
c. (57)
In the calculations above the last term here also gives terms proportional to ξa. However, it
seems that in (46) we still need to restrict to four dimensions, but this is an open question.
We note here that Lemma 2 can be applied to the trace of the Chevreton tensor, which
is given by [5]
Hab = Habc
c = ∇cFad∇cFbd − 1
4
gab∇cFde∇cF de. (58)
Contracting with ξb and taking exterior product with ξe and using Lemma 2 then implies
that
ξ[eHa]bξ
b = ξ[e∇|c|Fa]d∇cFbdξb = 0. (59)
Therefore, Habξ
b = γξa. We know from [5] that Hab is symmetric, trace-free, and divergence-
free in four-dimensional Einstein-Maxwell theory with a source-free electromagnetic field, so
this current is divergence-free.
Theorem 3. Assume that we have four-dimensional Einstein-Maxwell theory, possibly with
a cosmological constant Λ, with a source-free electromagnetic field that inherits the symmetry
of the spacetime. If ξa is a hypersurface orthogonal Killing vector, then the current Habξ
b,
where Hab is the trace of the Chevreton tensor, is proportional to ξa and divergence-free,
Habξ
b = γξa, ∇a(Habξb) = 0. (60)
Going back now to the Chevreton current (31), we turn our attention to the second term
on the right-hand side.
Lemma 4. Under our assumptions,
ξ[fξ
bξcξd∇|c|Fa]e∇dFbe = 0. (61)
Proof. Using (28) we have that
ξbξcξd∇cFae∇dFbe =ξb(Fce∇aξc + Fac∇eξc)(Fde∇bξd + Fbd∇eξd)
=ξbFceFd
e∇aξc∇bξd + ξbFceFbd∇aξc∇eξd
+ ξbFacFd
e∇eξc∇bξd + ξbFacFbd∇eξc∇eξd. (62)
Here then, using (10), the two first terms give
ξ[f∇a]ξcξb(FceFde∇bξd + FceFbd∇eξd) =
1
2
∇aξfξcξb(FceFde∇bξd + FceFbd∇eξd)
=
1
2
∇aξfα′ξbξd∇bξd = 0. (63)
The two last terms, by (10), equal
FacFde∇bξd(ξb∇eξc − ξe∇bξc) = −FacFdeξc∇bξd∇bξe = 0. (64)
Hence,
ξ[fξ
bξcξd∇|c|Fa]e∇dFbe = 0. (65)
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The remaining two terms of (31), the first and the fourth, are treated together.
Lemma 5. Under our assumptions,
−ξ[g∇a]Fce∇bFdeξbξcξd +
1
4
ξ[gξ
cξ|c|∇a]Fef∇bF efξb = 0. (66)
Proof. Taking two derivatives of the energy-momentum tensor yields
−∇aFce∇bFdeξbξcξd + 1
4
ξcξc∇aFef∇bF efξb
=
1
2
ξbξcξd∇a∇bTcd + Fce∇a∇bFdeξbξcξd − 1
4
ξcξcFef∇a∇bF ef ξb. (67)
We start with the first term of the right-hand side and rewrite it by the Leibniz rule,
ξbξcξd∇a∇bTcd =ξbξc∇a(ξd∇bTcd)− ξbξc∇bTcd∇aξd
=ξbξc∇a(∇b(ξdTcd)− Tcd∇bξd)− ξb∇b(ξcTcd)∇aξd + ξbTcd∇bξc∇aξd
=ξbξc∇a∇b(ξdTcd)− ξb∇a(ξcTcd)∇bξd − ξbξcTcd∇a∇bξd
− ξb∇b(ξcTcd)∇aξd + 2ξbTcd∇bξc∇aξd. (68)
Using (25) gives
ξbξc∇a∇b(αξc)− ξb∇a(αξd)∇bξd − αξbξd∇a∇bξd − ξb∇b(αξd)∇aξd + 2ξbTcd∇bξc∇aξd
=ξbξc∇a∇b(αξc)− 2αξb∇aξd∇bξd + 2ξbTcd∇bξc∇aξd. (69)
Expanding the first term and applying the Leibniz rule yields
ξbξc∇a∇b(αξc) = ξcξcξb∇a∇bα = −ξcξc∇aξb∇bα. (70)
This then gives us, by (10),
ξ[eξ
bξc∇a]∇b(αξc) = −
1
2
ξcξc∇aξeξb∇bα = 0. (71)
Continuing with the second term of (69),
ξ[e∇a]ξdαξb∇bξd =
1
2
α∇aξeξdξb∇bξd = 0. (72)
The last term of (69) gives us
ξ[e∇a]ξdTcdξb∇bξc =
1
2
∇aξeαξcξb∇bξc = 0. (73)
Hence,
ξ[eξ
bξcξd∇a]∇bTcd = 0. (74)
The two last terms of (67) are rewritten by taking a covariant derivative of (28), i.e., ex-
panding ∇a£ξFbc = 0, which gives us
Fce∇a∇bFdeξbξcξd =− Fceξcξd(∇bFde∇aξb +∇aFbe∇dξb
+∇aFdb∇eξb + FbeRdbafξf + FdbRebafξf ) (75)
and
Fef∇a∇bF efξb =− Fef (∇aξb∇bF ef + 2∇aFbf∇eξb). (76)
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Both terms involving the Riemann tensor disappear because of (25) and symmetric-antisymmetric
contractions. Hence,
Fce∇a∇bFdeξbξcξd − 1
4
ξcξcFef∇a∇bF ef ξb
=∇aξb(−ξcξdFce∇bFde + 1
4
ξcξcFef∇bF ef )
− ξcξdFce∇aFbe∇dξb − ξcξdFce∇aFdb∇eξb + 1
2
ξcξcFef∇aFbf∇eξb. (77)
We note that the two first terms on the right-hand side can be rewritten as
∇aξb(−ξcξdFce∇bFde + 1
4
ξcξcFef∇bF ef ) = 1
2
ξcξd∇aξb∇bTcd. (78)
Then, by use of (10), (40), and (25),
ξ[eξ
cξd∇a]ξb∇bTcd =
1
2
∇aξeξbξcξd∇bTcd = −∇aξeξcξdTbd∇cξb = −∇aξeαξcξb∇cξb = 0.
(79)
The last term of (77) is rewritten using (10) and the Leibniz rule as
1
2
ξcξcFef∇aFbf∇eξb =− 1
2
ξeξcFef∇aFbf∇bξc + 1
2
ξbξcFef∇aFbf∇eξc
=− 1
2
ξeξc∇a(FefFbf )∇bξc + ξbξcFef∇aFbf∇eξc. (80)
Hence, the third and last terms of (77), using the Leibniz rule and (25), they equal
− ξcξdFce∇aFbe∇dξb + ξbξcFef∇aFbf∇eξc − 1
2
ξeξc∇a(FefFbf )∇bξc
=− 1
2
ξcξd∇dξb∇a(FceFbe) = −1
2
α′ξd∇dξb∇aξb + 1
2
ξd∇dξbFceFbe∇aξc. (81)
Taking exterior product with ξf and using (10) and (25) then yields
−1
4
α′ξd∇dξbξb∇aξf + 1
4
ξd∇dξbFceFbeξc∇aξf = 0. (82)
The fourth term of (77) is rewritten using (10) as
−ξcξdFce ∇aFdb∇eξb = −ξdFce∇aFdbξ[c∇e]ξb = −1
2
ξdFce∇aFdbξb∇eξc = 0. (83)
Thus, taken together, we have that the exterior product of ξg and (67) equals
−ξ[g∇a]Fce∇bFdeξbξcξd +
1
4
ξ[gξ
cξ|c|∇a]Fef∇bF efξb = 0. (84)
By (30) and Lemma 2, Lemma 4, and Lemma 5, we have that
ξ[eHa]bcdξ
bξcξd = 0 (85)
and therefore
Habcdξ
bξcξd = γξa. (86)
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The Lie-derivative commutes with the covariant derivative for Killing vectors and hence, for
inherited symmetry,
£ξ∇aFbc = ∇a£ξFbc = 0. (87)
This implies that the Chevreton tensor has vanishing Lie-derivative with respect to Killing
vectors,
£ξHabcd = 0. (88)
Hence,
£ξ(Habcdξ
bξcξd) = £ξ(γξa) = ξaξ
b∇bγ = 0 (89)
and therefore
∇a(Habcdξbξcξd) = ∇a(γξa) = γ∇aξa + ξa∇aγ = 0. (90)
Thus, we have the following result
Theorem 6. Assume that we have four-dimensional Einstein-Maxwell theory, possibly with
a cosmological constant, Λ, with a source-free electromagnetic field that inherits the symmetry
of the spacetime. If ξa is a hypersurface orthogonal Killing vector, then the Chevreton current
Habcdξ
bξcξd, is proportional to ξa and divergence-free,
Habcdξ
bξcξd = γξa, ∇a(Habcdξbξcξd) = 0. (91)
Note that for the basic superenergy tensor, Eabcd, the two possible currents, Eabcdξ
bξcξd
and Ecdabξ
bξcξd, are both proportional to ξa. The first one follows from Lemma 5 and the
second from Lemma 2 and Lemma 4. Since all terms in Eabcd have vanishing Lie-derivative
with respect to ξa, they are all independently conserved. Hence, we can state the slightly
more general result,
Theorem 7. Under the conditions of Theorem 6, the two possible currents constructed from
the basic superenergy tensor (29) , Eabcdξ
bξcξd and Ecdabξ
bξcξd, are proportional to ξa and
independently conserved,
Eabcdξ
bξcξd = γ1ξa, ∇a(Eabcdξbξcξd) = 0,
Ecdabξ
bξcξd = γ2ξa, ∇a(Ecdabξbξcξd) = 0. (92)
These results can be applied to the timelike Killing vector in static Einstein-Maxwell
spacetimes such as Reissner-Nordstro¨m.
It can be shown that for four-dimensional Einstein-Maxwell theory, the Bel tensor is
decomposed as
Babcd = Tabcd + TabTcd +
1
48
R2gabgcd, (93)
where Tabcd is the Bel-Robinson tensor (1). The decomposition without a cosmological
constant was given in [6]. Contracting thrice with ξa and using (5) and (11) yields
γξa = Tabcdξ
bξcξd + α2ξaξ
bξb +
1
48
R2ξaξ
bξb, (94)
or
Tabcdξ
bξcξd = βξa. (95)
All components of the Bel tensor have vanishing Lie-derivative with respect to Killing vectors,
so for hypersurface orthogonal Killing vectors in Einstein-Maxwell theory, the Bel tensor
splits into independently conserved components, each proportional to ξa.
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4 Example for non-inherited symmetry
In [11] McIntosh gives an example of an Einstein-Maxwell spacetime that contains a hy-
persurface orthogonal Killing vector for which the electromagnetic field does not inherit the
symmetry. This seems to be the only such known example. The metric is given by
ds2 = −(dt− br2dφ)2 + r2dφ2 + exp(b2r2)(dz2 + dr2). (96)
The electromagnetic potential is given by
Aa = −
√
2 sin(2bz + C)(δta − br2δφa), (97)
where b and C are constants. The spacetime has three Killing vectors,
ξ1a = δta, ξ2a = δφa, ξ3a = δza, (98)
of which the last the electromagnetic field does not inherit the symmetry,
£ξ3Fab 6= 0. (99)
However, it is still the case here that the Chevreton tensor has vanishing Lie-derivative,
£ξ3Habcd = 0, (100)
and also that the Chevreton current associated with this Killing vector is proportional to it,
Habcdξ
b
3ξ
c
3ξ
d
3 = ξ3a
5b4(3− b2r2)
6
, (101)
so in this case we have the same result as in Theorem 6.
5 Conclusion
We have seen that for a hypersurface orthogonal Killing vector, both the gravitational su-
perenergy tensor and the matter superenergy tensors give rise to independently conserved
currents that are proportional to the Killing vector, thus giving rise to conserved quantities in
these cases. For the Einstein-Maxwell case we have not been able to prove an n-dimensional
result. The results for the Bel current and the superenergy current for the scalar field are
valid in n dimensions, so it would be desirable to show this for the Chevreton current as
well. Our result is only shown for electromagnetic fields that inherit the symmetry of the
spacetime and it would be interesting to see if the result holds in the non-inheriting case as
well. The example given above gives support to this case.
For the scalar field in Einstein-Klein-Gordon theory, it has previously been proven that
when a Killing vector is present, the Bel tensor together with the superenergy tensor of the
scalar field gives rise to a conserved mixed current governing interchange of superenergy
between the gravitational field and the scalar field.
The question of whether a similar construction is possible for Einstein-Maxwell theory
is still open. The result presented here, Theorem 6, lends some support that it might be
possible to construct conserved mixed superenergy currents in this case as well.
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